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Abstract. Let P C A be a inclusion of unital C*-algebras and E: A — > P 
be a conditional expectation of index finite type. We introduce a Rokhlin 
property for E and discuss about ©-absorbing proeprty, where 25 is a sepa- 
rable, unital, strongly self-absorbing C*-algebra, i.e., T> C and there is an 
isomorphism ip : T> — > T> (gi T> such that ip is approximate unitarily equivalent 
to the embedding d i— > d® Id- an UHF algebra of infinite type, Jiang-Su 
algebra Z, and Cuntz algebras O2, Ooo are typical examples for strongly self- 
absorbing C*-algebras. In this paper we consider permanent properties for 
strongly self-absorbing property under inclusions of unital C*-algebras with a 
finite Watatani index. We show the followings: 

Let P C A be an inclusion of unital C*-algebras, E a conditional expec- 
tation from A onto with a finite index, and 25 be a separable unital strongly 
self-absorbing C*-algebra. 

(1) If A is a separable 25-absorbing (i.e. A®T> = A), and E has the Rokhlin 
property, then P is ©-absorbing. 

(2) If T> is the universal UHF algebra IA X and a : G — ¥ Aut(D) has the 
Rokhlin property, then Uoo x a G = Viae ■ 

(3) If A = T> is semiprojective and E has the Rokhlin property, then P = T>. 
In particlular this is true when T> is either O2 or Oca. 

As an application, under the condition that A is a unital 25-absorbing C*- 
algebra and a is an action from a finite group G on A with the Rokhlin 
property we have then 

(1) the crossed product algebra A x a G is also 25-absorbing. 

(2) for any subgroup H C G A H is 25-absorbing. 

(3) if A is e> 2 , then Ay\ a G = 2 - 

1. Introduction 

A separable C*-algebra D is said to be strongly self- absorbing if D ^ C and 
there exists an isomorphism ip : D — > D (g> D such that ip and ido®^D are approx- 
imate unitarily equivalent *-homomorphism. Strongly self-absorbing C*-algebras 
are automatically simple, nuclear, and have at most one tracial state [24] , The 
UHF algebra of infinite type and the Jiang-Su algebra Z, and the Cuntz algebras 
02 and Coo are strongly self- absorbing. 

In Elliott program to classify nuclear C*-algebras by K-theory data the system- 
atic use of strongly self-absorbing C*-algebras plays a central role. In the purely 
infinite case the Cuntz algebra Oca is a cornerstone of the Kirchberg- Phillips 
classification of simple purely infinite C*-algebras [23] [33]. In the stably finite 
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case the Jiang-Su algebra Z plays a role similar to that of Ooo- In fact Jiang-Su 
proved in [21] that simple, infinite dimensional AF algebras and Kirchberg alge- 
bras (simple, nuclear, purely infinite and satisfying the Universal Coefficient The- 
orem) are Z-stable, that is, for any such an algebra A one has an isomorphism 
a: A -t A ® Z. Gong, Jiang, and Su proved in [12] that (K (A), K (A) + ) is iso- 
morphic to (Kq(A (g> Z), Kq(A ® Z) + ) if and only if Kq(A) is weakly unperforated 
as an ordered group, when A is a simple C*-algebra. Hence A and A® Z have iso- 
morphic Elliott invariant if A is simple with weakly unperforated -Ko-group, that is, 
A = A® Z whenever A is classifiable. On the contrary, R0rdam and Toms in [35] 
and [42] presented examples which have the same Elliott invariant as, but are not 
isomorphic to, and not Z-absorbing. So it appears plausible that the Elliott con- 
jecture, which is formulated in [38], holds for all simple, unital, nuclear, separable 
Z-absorbing C*-algebras. 

In this paper we begin by reconsidering the ©-absorbing property for crossed 
product of a C*-algebra A with ©-absorbing by a finite group action with the 
Rokhlin property in the framework of inclusion of unital C*-algebras P C A of 
Watatani index finite ([45]) and show that if a faithfule conditional expectation E 
from A to P has the Rokhlin property in the sense of }23], then P is ©-absorbing. 
In section 4 we study the strongly self-absorbing property and we show that the 
universal UHF algebra Woo is stable under crossed product of a finite group action 
with the Rokhlin property. In the case of pure infiniteness we show that if P C O2 
(resp. P C Ooo) is an inclusion of unital C*-algebra with the Rokhlin property, 
then P = O2 (resp. P = Ooo)- In section 5 we prove that the ©-absorbing 
property is stable under local C-algebra which was defined in [32 . Let C be the 
class of all separable, unital, ©- absorbing C*- algebras. We prove that if A is 
locally approximated by some C*-algebras in C, then A E C. We stress that the 
strongly self- absorbing is not generarily stable under crossed products by actions 
with the tracial Rokhlin property, that is, there is a symmetry with the tracial 
Rokhlin property on Woo such that Woo x a Z/2Z is not strongly self-absorbing. In 
the last section we present examples of inclusion of unital C*-algebras with the 
Rokhlin property which do not come from finite group actions. 

The first auhtor would like to thank Hiroki Matui for a fruitful discussion. 



2. Rokhlin property 

A notion of the Rokhlin property has already appeared in [13], [14] , and [25] 
with a different name. Indeed, Herman and Jones investigated in 13 and [14] a 
class of finite group actions with what we call here the Rokhlin property on UHF 
C*-algebra. Izumi introduced the term "the Rokhlin property" for a finite group 
action in [171 Definition 3.1] as follows and characterized two finite group action with 
the Rokhlin property on a separable unital C*-algebra using the Evans-Kishimoto 
intertwining argument in [10) . 

For a C* -algebra A, we set 

c (A) = {(a n )el°°(N,A): lim ||a„|| = 0} 

n— >oo 

A°° = A)/c (A), 
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We identify A with the C*-subalgebra of A°° consisting of the equivalence classes 
of constant sequences and set 

= A°° n A'. 

For an automorphism a G Aut(A), we denote by a°° and ctoo the automorphisms 
of A°° and A^ induced by a, respectively. 

Definition 2.1. Let a be an action of a finite group G on a unital C*-algebra A. a 
is said to have the Rokhlin property if there exists a partition of unity {e g } g ^G C A^ 
consisting of projections satisfying 

{a g ) 00 (e h ) = e gh for g, h G G. 

We call {e g }g£G Rokhlin projections. 

Motivated by Definition 12.11 Kodaka, Osaka, and Teruya introduced the Rokhlin 
property for a inclusion of unital C*-algebras with a finite index |28j . 

Definition 2.2. A conditional expectation E of a unital C*-algebra A with a 
finite index is said to have the Rokhlin property if there exists a projection e G A^ 
satisfying 

£°°(e) = (IndcxS)- 1 • 1 
and a map A 3 x i— > se is injective. We call e a Rokhlin projection. 

The following result says that the Rokhlin property of an action in the sense of 
Izumi implies that the canonical conditional expectation from a given C*-algebra 
to its fixed point algebra has the Rokhlin property in the sense of Definition 12.21 

Proposition 2.3. ([28]) Let G be a finite group, a an action of G on a unital 
simple C*-algebra A, and E the canonical conditional expectation from A onto the 
fixed point algebra A a . Then a has the Rokhlin property if and only if E has the 
Rokhlin property. 

We need the following proposition to prove the key lemma for the main theorem 
in the next section. 

Proposition 2.4. ([21]) Let P C A be an inclusion of unital C*-algebras and E a 
conditional expectation from A onto P with IndexP < oo. If there is a projection 
e G A such that E(e) = (IndexP) -1 , then we have 

ePe = Qe, Q = P n {e}' 

In particular, if e is a full projection, i.e., there are elements Xi,yi of A such that 
Y^i=i x i e Vi = 1' then Q is a tunnel construction for A D P such that e is the Jones 
projection for P D Q. 

The following is a key lemma to prove the main theorem. 

Lemma 2.5. Let P C A be an inclusion of unital C*-algebras and E a conditional 
expectation from A onto P with a finite index. If E has the Rokhlin property with 
a Rokhlin projection e G A^, then there is a unital linear map j3: A°° — > P°° 
such that for any x G A°° there exists the unique element y of P°° such that 
xe = ye = f3(x)e and (3(A' P\A°°) C P' nP°°. In particular, /3i A is a unital injective 
*-homomorphism and f3(x) = x for all x G P. 
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Proof. Let ep be the Jones projection for the inclusion A D P. By the proof of 
Proposition 12 .41 we have eepe — (lndexE)~ 1 e. Therefore for any element x in A°° 

xe = (lndexE)E oc (e P xe) 

= (lndexE) 2 E°°(epxeepe) 

= (lndexE) 2 E co (E 00 (xe)e P e) = (lndexE)E°°(xe)e, 

where E is the dual conditional expectation for E. Put y = (lndexE)E°° (xe) G P°°. 
Then we have xe = ye. 

Suppose that ye = ze for y, z G P°° . Then 

z = z{lndexE)E°°(e) = {IndexE)E°° (ze) = (IndexE)E 00 (ye) = y. 

Therefore we obtain the uniqueness of y. Set y = j3(x). Then /3 is a unital linear 
map from A°° to P°°. In particular, j3(x) — x for all x 6 P. 

P(A' n A°°) cP'fl P°°: Vx S A' n A°° and a G P we have 

P(x)ae — /3(x)ea 
= xea 

— xae 
= axe 

— a/3(x)e 

From the uniqueness we have (3(x)a = af3(x), and f3(x) £?'n P°°. 

Homomorphism property of /3\ A : Let x±,X2 6 Ac A°° and fi(x\), f3(x2) G i 300 
such that a;ie = /3(xi)e, = (3(x2)e. 
Then we have 

x\X2e. = X\exi 

= /3(x 1 )ex 2 
= (3(xi)x 2 e 
= P(x 1 )p(x 2 )e 



From the uniqueness we have p(x\X 2 ) = p(xi)P(x 2 ). 

The *-preserving property of p^: Since for x G A P\a(x) — (Index£ , )£ , °°(xe), 

P(x*) = (li-idexE)E°°(x*e) 
= (IndcxE)E oc ((xe)*) 
= {(IndexE)E°°(xe)}* 

= P(x)* 

Injectivity of pi^; Suppose that P(x*x) = for some a; G A, that is, (Index£')£' 00 (a; 
0. Since e G A' n A°° , E°°(x*exe) = E°° ((xe)* (xe)) = 0. Since E°° is faithful, we 
have xe = 0. Then from Definition 12.21 x = 0. This implies that p is injective. 

I 
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3. ROKHLIN PROPERTY AND ©-ABSORBING 

Recall that a separable, unital C*-algebra © is called strongly self- absorbing if 
it is infinite-dimensional and the map idp ® 1-p : © — > © ® © given by d n> d Cg> 1 
is approximately unitarily equivalent to an isomorphism ip: © —> © ® ©, that is, 
there is a suquence (i> n )neN of unitaries in © satisfying 

IK(idu ® lz>(d)K - ¥>(d)|| -> (n -> oo) Vd e 2?. 

A C*-algebra ^4 is called V-absorbing if A <g> © = A 

Note that if A is an infinite dimensional unital simple AH algebra with no di- 
mension growth, then A is Z- absorbing by [21] Corollary 6.3], where Z is called 
the Jiang-Su algebras, i.e., a direct limits of prime dimension drop algebras I p>q — 
{/ G C([0,l],Mp g ) | /(0) G l p <g) M q ,f(l) G M p ® 1 9 } for relative prime integers 
p,q>2. For the direct proof see [7]. 

In this section we consider the £>-absorbing property for an inclusion of unital C*- 
algebras. That is, let P C A be an inclusion of unital C*-algebras and E: A — >• P 
be a conditional expectation of index finite with the Rokhlin property. If A is 
D-absorbing, then P is £>-absorbing. 

We use the following characterization of the ©-absorbing. 

Theorem 3.1. ( |38l Theorem 7.2.2]) Let T> be a strongly self-absorbing and A 
be any separable C*-algebra. A is ©-absorbing if and only if T> admits a unital 
*-homomorphism to A 1 n M (A)°°. 

The following is a special case of [15| Lemma 2.4]. (See also [23l Proposition 4.16] 
and [12 Remark 3.3.1].) 

Lemma 3.2. Let A, B be unital separable C*-algebras. Suppose that for any 
finite sets Bg C B, Ao C A, and e > there is a completely positive contraction 
<j>: B A°° such that for all b, b' e B a , a <E A we have 

(i) ||0(1)- 1|| <e, 

(ii) U(b)4>(b') -<KW) || <e, 

(iii) ||[0(6),o]||<e. 

Then there is a unital *-homomorphism from B to A' n . 

Theorem 3.3. Let F C A be an inclusion of unital C*-algebras and £ a conditional 
expectation from A onto P with a finite index. Suppose that T> is a separable unital 
self-absorbing C*-algebra, A is a separable ©-absorbing, and E has the Rokhlin 
property. Then P is ©-absorbing. 

Proof. Note that © is nuclear and simple by [24| Lemma 3.10]. Since A is ©- 
absorbing, from Theorem 13.11 there is a unital *-homomorphism (j> from © to A' D 
v4°°. Since © is nuclear, there is a completely positive lifting 0: © — >• £°°(^4) by [S], 
and write <j6 = (<pi, 4>2, ■ ■ ■ ,)• Note that for all d,d' £ T> and a G A 
(i) 

limsup II^gO^cZ') - <fc(dd') II = 0, 

i 

(ii) 

limsup||[(/>j(d),a]|| = 0. 
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Since E has the Rokhlin property, there is a unital *-homomorphism /? from A 
to P°° such that (3(x) = x for all x E P by Lemma 12. 51 Set ipi = j3 o fa. Then f/'i 
is a unital completely positive map from P to P°° such that for all b,b' £ P and 

(iii) 

- i>i{dd')\\ = ||/? o o fa{d') - o ^(dd')ll 

= \\/3(fa(d)fa(d') - fa(dd'))\\ 

< \\<f>(d)<f>(d') - fa(dd')\\ 

(iv) 

llh^cMH = \\[(3ofa(d) : f3(a)}\\ (/3(a) = a) 

= ||/3(^(d)) i 9(a)-/9(o) i 8(^(d))|| 
= \\p(fa{d)a - afa(d)\\ 

< \\Md),a}\\. 

Let Po C P and Po C P be any finite sets. For any e > taking sufficient large 
k then from (i) ~ (iv) we have for all d, d! g Po and a G Po 

(v) ||V fc (d)V(d')-V'fc(W/)ll <£, 

(vi) ||[^(d),a]||<e. 

Hence we have a unital *-homomorphism from P to P' n P°° by Lemma [321 
Therefore P is P-absorbing from Therein 1 3. II I 

Corollary 3.4. ([E]) Let ^4 be a separable, unital, simple P-absorbing C*-algebra 
and a be an action of a finite group G on A. Suppose that a has the Rohklin 
property. Then the crossed product algebra A x Q G is P-absorbing. 

Proof. Since a is outer, the canonical conditional expectation E: A — >■ A Q is of 
index finite type, where P(a) = yjjy X) 9 gg a s( a )' wnerc |G| is the order of G. 
Then P has the Rokhlin property by [2E1 Proposition 2.9] and A a is P-stable by 
Theorem 13.31 

Consider the following basic construction: 

A a c AcBi(= Ax a G). 

Note that B\ is isomorphic to pM n (A a )p for some n G N and a projection p 6 
M„(A a ) by [451 Lemma 3.3.4]. Since Af n (A a ) is P-absorbing and the P-absorbing 
is stable under the hereditary by |43[ Corollary 3.1], we know that B\ is also P- 
absorbing, that is, A x\ a G is P-absorbing. I 

Recall that a separable C*-algebra A is said to be approximately divisible if there 
is a finite dimensional C*-algebras B with no abelian summands, which admits a 
unital embedding into A' n M(A)°° , where M(A) means the multiplier algebra of 
A. In [44] Toms and Winter proved that separable, approximately divisible C*- 
algebras are -Z-absorbing. We show that separable, approximately divisibility is 
stable under inclusion of index finite with the condition that the correspondent 
conditonal expactation has the Rokhlin property. 
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Proposition 3.5. Let P C A be an inclusion of unital C*-algebra and E a condi- 
tional expectation from A onto P with a finite index. Suppose that A is a separable, 
approximately divisible and E has the Rokhlin property. Then P is approximately 
divisible. 

Proof. Since A is approximately divisible, there is a finite dimensional C*- algebra 
B with no abelian summands which admits a unital embedding <f> from B into 
A 1 n A 00 . Let f3 : A —> P°° be a unital injective *-homomorphism in Lemma 12.51 
Since B is nuclear and finite direct sums of simple C*- algebras, through the same 
argument in Theorem 13.31 we have a unital embedding from B into P' Pi P°°, hence 
P is approximately divisible. I 

4. Rokhlin property and strongly self-absorbing 

Recall that separable unital C*-algebra T> is said to have approximately inner 
half flip if the two natural inclusions of T> into T>® T> as the first and second factor, 
repectively, are approximately unitarily equivalent, i.e., there is a sequence (w n )neN 
of unitaries in V <g) V such that \\v n (d <g> 1d)v* 1 — Id ® d|| — > 0(n — > oo) for d £ T>. 
In [8] Effros and Rosenberg proved that if A is AF C*-algebra, A has approximate 
half inner flip if and only if A is a UHF algebra. Note that a separable unital 
C*-algebra A has approximately inner half-flip implies that A is simple and nuclear 
by [H Propositions 2.7 and 2.8]. 

Under the condition that separable unital C*-algebra V has approximately in- 
ner half flip, Toms and Winter gave the characterization when T> is strongly self- 
absorbing [13] . Using this characterization we show that if a conditional expectation 
E; T> — >■ P for an inclusion of separable unital C*-algebras P C D with index finite, 
has the Rokhlin property and T> is semiprojective and strongly self- absorbing, then 
P is strongly self-absorbing. 

Proposition 4.1. Let P C A be an inclusion of separable unital C*-algebras with 
index finite and A have approximately inner half flip. Suppose that E has the 
Rokhlin property and A is semiprojective. Then P has approximately inner half 
flip. 

Proof. We have only to show that for any finite set T C P and e > there exists 
an unitary w £ P <E) P such that 

\\w(a 2) lp)w* - lp ® a\\ < e Va e T. 

Let J- <Z P with || a || < 1 for any a £ T and e > 0. Since A has approximately 
inner half flip, there exists a unitary ueigi such that 

\\u(a <g> lp)u* - lp ® all < -£ VaG J. 

5 

Note that 1 A = lp. 

Let /3: A — > P°° be a *-homomorphism in Lemma [2.51 such that (3(a) = a for 
a £ P. Since A is semiprojective, there exists nSN and *-homomorphism : A — ¥ 
£°°(N,P)/I n such that f3 = n o /3, where J n = {{a k )f =1 £ £°°(P): a k = for k > 
n} and ir: £°°(N,P)/I n -4 P°° is a canonical quotient map. Note that P°° = 
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£°°(N,P)/{U^ =1 /„}. Since /3(a) = a for a G P, if we write p = (fa, fa, . . . , fa, . . . ), 
then 

limsup ||a — 0fc(a)|| = 0. 
Hence there is a *-homomorphism 0^ for k > n such that 

||0k(a) - a|| < — e 
5 

foraGJ r U{lp}. We have then for any a£ J 

||(0k ® fa)(u)(a ® lp)(fa ® fa)(u*) ~lp® a\\ 

= \\(fa ® fa)(u)((a - fa(a) + fa{a)) ® lp)(fa ® fa)(u*) - lp ® a\\ 

< \\(fa <8> fa)(u)((a ~ fa(a)) ® lp){fa ® fa)(u*)\\ 

+ || (</>k ® 4>k){u){fa{a)) ® (1 P - 4>k{l P ) + fa(l P )){fa ® fa)(u*) ~lp® a|| 

< ||a - fa(a)\\ + \\(fa ® fa) (u) {fa (a)) ® (l P - fa(l P ))(fa ® fa){u*)\\ 
+ \\(fa ® fa)(u){fa(a)) ® fa(l P )(fa ® fa){u*) -1 P ® a|| 

< ||a - fa{a)\\ + \\1 P - fa(l P )\\ + \\(fa ® fa)(u)(fa(a)) ® fa{l P )(fa ® fa){u) - fa{l P ) ® fa(a)\\ 
+ \\fa(l P - fa(l)) ®a + fa(a)®{a- fa{a))\\ 

< 2\\a - fa(a)\\ + 2\\1 P - fa(l P )\\ + \\(fa ® fa){u{a ® l P )u* -l P ® a)|| 

1 

< 5 x -e = e. 

5 

Since (4>k ®4>k)(u) 6 P® P is unitary, we conclude that P has approximately inner 
half flip map. I 

Remark 4.2. Under the same condition for an inclusion of separable unital C*- 
algebras P C A in Theorem 14.11 since P has approximately inner half flip map we 
know that P is nuclear and simple. But when there exists a conditional expectation 
E : A — J> P, which is called a projection of norm one, if A is nuclear, then we can 
easily prove that P is simple. Indeed, since A is nuclar, for any finite set J- C P C A 
and e > there exists a finite rank completely positive contructive 4>: A — > A such 
that 

||0(a) - a|| < e Va e T 
from [6J Theorem 3.1]. Since E is completey positive [JHl Theorem 3.4], E o 
0|p : P — > P is finite rank completely positive contructive, and for any a G T 
we have 

\\(Eocj> lP )(a)-a\\ = \\E(faa)-a)\\ 
< ||0(a) - a|| < e. 

Hence P is nuclear. 

To deduce the simplicity of P we need the Rokhlin condition for E: A — > P as 
follows. 

Let P C A be an inclusion of separable unital C*-algebras with index finite. 
Suppose that A is simple and E has the Rokhlin property. 

Let e be the Rokhlin projection for E. Then the dual conditional expectation 
E: A\ — > A has the approximately representable by [551 Proposition 3.4 (1)], that is, 
we have exe = E(x)e for any x G A%, where P C A C Ai is the basic construction. 
Then A' n A\ C A by [351 Proposition 3.5]. Since A is simple, we have 
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A' x n Ai c A' n Ax 

cA'ni = c. 

Then A\ is simple by [T6j Theorem 3.3]. Since P is stably isomorphic to A\, we 
conclude that P is simple. 

If 2? is a strongly self-absorbing inductive limit of recursive subhomogeneous 
algebras in the sense of Phillips 36], then V is either projectionless (i.e. the Jiang- 
Su algebra Z) or a UHF algebra of infinite type by [43l Corollary 5.10]. On the 
contrary, if I? is a separable purely infinite strongly self-absorbing C*-algebra which 
satisfies the Universal Coefficients Theorem (We write V is in the UCT class N .). 
Then V is either O2 , Ooo or a tensor product of Ooo with a UHF algebra of inifinitc 
type by [H Corollary 5.2]. 

At first we show that the universal UHF algebra U^ is stable under crossed 
products by finite groups actions with the Rokhlin property. However, this is not 
true in the case of an action with the tracial Rokhlin property which is weeker than 
the Rokhlin property. (See section 6.) 

For n £ N M„oo means the UHF algebra of type n°° . 

The following lemma may be well known result, but we put the proof for a 
self-contained. 

Lemma 4.3. Let A be a UHF algebra and a be an action from a finite group G 
on A. Suppose that a has the Rokhlin property. Then A y\ a G is a UHF algebra. 

Proof. Since a has the Rokhlin property, for any finite set FcAxqG and e > 0, 
there are n, projection / £ A, and unital homomorphism (p: M n ® fAf — > A x Q G 
such that dist(a, tp(M„ (g> fAf)) < e for all a £ F by [32l Theorem 3.2]. Since A is 
a UHF algbera, M n <g) fAf is also a UHF algebra. Hence we may assume that there 
is a full matrix subalgebra Mk of A x a G such that dist(a, Mfe) < e. This implies 
that A » a G is a UHF algebra by [III Therem 1.13]. I 

Theorem 4.4. Let V be Uoo and let a be an action of a finite group G on V. 
Suppose that a has the Rokhlin property. Then the crossed prodct Uoo x a G is 
isomorphic to Uoo. 

Proof. Since Uoo is in the UCT class A/", has tracial topological rank zero in the 
sense of Lin, and a has the Rokhlin property with = on K^(Uoo) for i = 1,2, 
(Uoo, a) is conjugate to (W^ ® AfiQioojidj^ ® ^i G ) by [151 Theorem 3.5], that is, 
there is an isomorphism 9: Uoo Uoo <£) M\q\ck such that 

6 o a g o e^ 1 = (id Woo (8> ^ G ) g V5 £ G, 

where A is the left regular representation of G and /i G = ®^_ 1 ild(A(p)) (<? £ G). 
Note that B(£ 2 (G)) is identified with M| G | and has the Rokhlin property. 
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Then Woo x Q G is isomorphic to (Woo 8> M^q^) ^id Uao ®n G G. Since 
(Woo <£> M|G|~) Xid Uoo ®^ G = U 00 ® (M| G |oc x m g G) 

— Wqo, 

since M|c|oo xi^g G is a UHF algebra by Lemma l4~3l 
Therefore Woo x Q G is strongly self- absorbing. I 

The following example implies that the Rokhlin property is essential in Theo- 
rem 03 

Example 4.5. Let Woo be the universal UHF algebra and A = M2°°. Then A (g) 

Woo — Woo- 

Let a be an symmetry in 2, Proposition 5.1.2]. Then A » a Z/2Z is not a AF 
algebra. We note that a has the tracial Rokhlin property by [351 Proposition 3.4], 
but does not have the Rokhlin property, since the crossed product algebra Ay* Q Z/2Z 
is not AF algebra by [34] Theorem 2.2]. 

Then a ® id is a symmetry with the tracial Rokhlin property on A® Woo(= A), 
and the crossed product algebra 

(A® Woo) x*®id Z/2Z = (A x a Z/2Z)®W 00 
S B (giWoo, 

where B is the Bunce-Dedens algebras of type 2°° by [2, Proposition 5.4.1]. Note 
that K\(B ® Woo) 7^ 0, that is, B ® is not a AF algebra. Since a strongly self- 
absorbing inductive limit of type I with real rank zero C*-algebra is a UHF algebra 
of infinite type by [43j Corollary 5.9], B ® is not a strongly self-absorbing 
algebra. Hence there is a symmetry f3 with the tracial Rokhlin property on Woo 
such that Woo Z/2Z is not strongly self-absorbing. 

Next we show that strongly self-absorbing property is stable under the assump- 
tion that a conditional expectation E for an inclusion of unital C*-algebras P C A 
with index finite has the Rokhlin property and A is semiprojcctive. Note that 
Cuntz algebras O2 and Ooo are semiprojective (p][3]). 

Theorem 4.6. Let P C A be an inclusion of unital separable C*-algebras with 
index finite. Suppose that a conditional expectation E: A —> P has the Rokhlin 
property and A is semiprojective and strongly self- absorbing. Then P is strongly 
self-absorbing. 

Proof. Since A is strongly self-absorbing, A has approximately inner half flip by 
[43l Proposition 1.5]. Hence we know that P has also approximately inner half flip 
by Proposition 14. II 

To prove the strongly self- absorbing for P we have only to show that there are 
a unital *-homomorphism 7 : P ® P — > P and an approximately central sequence 
of unital endmorphims of P by (43J Proposition 1.10(h)]. 

Since A is strongly self- absorbing, there are a unital *-homomorphism 7 : A® A — > 
A and for any finite set T and Q in A and e > there exists a unital endmorphism 
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ip : A — > A such that 

[[[^(o),6]||<e 

for a £ J- and b £ Q. 

Consider a unital *-hmomorphism j3 from A into P°° in Lemma 12.51 Since A is 
semiprojective, there are a n S N and a unital *-homomorphism j3: A — ► l°°(P)/I n 
such that vr o /? = /3, where J„ = {(dfe)^ 6 ^°°(N,P): a fe = for fc > n} and 
7r: £°°(P)/I n —> P°° is a canonical quotient map. Let write /3 = (</> 1; <f>2, . ■ .), then 
for A: > n is a unital *-homomorphism. Then 0^ o 7|p^p : P (g) P — >■ P is a unital 
injective *-homomorphism. Note that P is simple. 

Let J 7 and Q in P be finite sets with ||o||, ||6|| < 1 for a £ J- and b £ Q, and 
e > 0. Take ^ : A — >• A such that 

ll[#0,&]||<^ 

for a £ J- and b £ Q. Hence 

||(^(^(o)6-6^(o))|| < \e 

\\{cj> k o ^)(o)^ fc (6) - Mb)(^k o ^)(o)|| < ie. 

Since limsup fc ||0fc(a) — a\\ = \\/3(a) — a\\ = for a G P, there is a fc € N such 
that 

Il0fc(6)-6|| < \z 

for b £ Q . Then we have 

\\[cj> k o^{a),b}\\ = \\[<t>k°Tp(a),<t> k (t>) + b-<pk(b)}\\ 

< ||[0 fc o^(a),0 fc (&)][[ + ||[^o^(a),6-0 fc (6)]|| < < e. 

Hence there exist an approximately central sequence of unital *-homomorphisms of 
P. 

Hence P is strongly self-absorbing by [43j Proposition 1.10(ii)]. I 

Corollary 4.7. Let P C A be an inclusion of unital separable C*-algebras with 
index finite. Suppose that a conditional expectation E: A — > P has the Rokhlin 
property. Suppose that A is O2 or Ooo. Then P = A. 

Proof. Since 02 and Ooo are separable, semiprojective, and strongly self- absorbing, 
P is also strongly self-absorbing by Theorem 14.61 As in the proof of Theorem 14.61 
there exist unital embeddings Lp: P — >• A and la ■ A — > P, Hence we conclude that 
P = A by 43, Proposition 5.12]. I 

Corollary 4.8. ( [TTJ Theorem 4.2]) Let a be an action of a finite group G on 02. 
Suppose that a has the Rohklin property. Then we have 

(1) 2 G Si 2 . 

(2) The crossed product algebra 02 x» G = 02- 
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Proof. Since a is outer, the canonical conditional expectation E: 2 — > 2 is of 
index finite type, where E{a) = J2 g ^G a g( a )> w here \G\ is the order of G. 

(1) : Since E has the Rokhlin property by [HI Proposition 2.9], 2 = 2 by 
Theorem l4~7l 

(2) : Consider the following basic construction: 

0^c0 2 cB 1 (= <D 2 * a G). 

Note that B\ is isomorphic to r pM n (0 2 ) , p for some n G N and a projection p £ 
M n (0% ) by [HI Lemma 3.3.4]. Since M n (0%) is isomorphic to 2 and 2 is stable 
under the hereditary, we know that B\ is isomorphic to 2 , that is, 2 x Q G is 
isomorphic to 02. I 

Remark 4.9. From [151 Theorem 3.6] there is no non-trivial finite group action 
with the Rokhlin property on 

5. Local C-property 

Through this section T) means the separable unital strongly self-absorbing C*- 
algebra. 

We recall the definition of local C-property in [32] . 

Definition 5.1. Let C be a class of separable unital C*-algebras. Then C is finitely 
saturated if the following closure conditions hold: 

(1) If A G C and B ^ A, then B eC. 

(2) If A u A 2 , . . . , A n G C then 0£ =1 A k e C. 

(3) If A e C and n e N, then M n (A) 6 C. 

(4) If ^4 g C and p G A is a nonzero projection, then pAp G C. 

Moreover, the finite saturation of a class C is the smallest finitely saturated class 
which contains C. 

Remark 5.2. Let C be the set of all separable, unital, 2?-absorbing C*-algebras. 
Then C is finitely saturated. 

Proof. It is obvious that C satisfies three conditions (1) ~ (3). The condition (4) 
comes from [43l Corollary 3.1]. I 

Definition 5.3. Let C be a class of separable unital C*-algebras. A unital local 
C-algebra is a separable unital C*-algebra A such that for every finite set S G A 
and every e > 0, there is a C*-algebra B in the finite saturation of C and a unital 
*-homomorphism (p: B — >• A (not necessarily injective) such that dist(a, <f(B)) < e 
for all a G S. 

Theorem 5.4. Let C be the class of all separable, unital, £>-absorbing C*-algebras. 
Let A be a local C-algebra. Then AgC. 

Proof. Since A is a local C-algebra, for any finite sets Dq c D and f ci, and 
e > there exists Bq G C and a unital homomorphisms ^ : £?o — ► A such that 
dist(/, ip{B )) < I for any / G F. That is, there exists bj G -Bq such that ||/ — 
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V'CfyOII < £ f° r each / £ F. We may assume that the norm of each element in Do 
is less than or equalt to one. 

Since Bq is ©-absorbing, there is a complete positive contractive 0: D — > Bq 
such that 

(1) ||0(1)- 1|| <e, 

(2) ||0(d)0(d')-0«)ll <e, 

(3) || [0(d), 6] || < | Vd,df £ D ,Vb e {b f } feF 
(See the first part of the proof in Theorem I3.3I ) 

Then ip o : D — > A is & complete positive contractive satisfying 

H-0 o 0(1) - 1|| < 110(1) - 1|| <e 

||V> O 4>(d)^ O 0(d') - l/j O <P(dd')\\ = ||V#(d)0(cf) ~ 0(drf'))|| 

< \\4>{d)4>{d') -4>{dd')\\ < e 

|| [V> o 0(d), /]|| = ||[ty o 0(d), </%)] || + 2||/ - V%)|| ||V o 0(d)|| 

e e 
<-+2x-xl=e 
2 4 

for any <i, d' £ Dq and f £ F. 

Hence for any finite sets Dq C D and Fci, and e > there is a completely 
positive contractive map ip: D — > A «-> ^4 00 such that 

(1) ||p(l) - 1|| < e, 

(2) ||^Md')-vWI|<£, 

(3) ||b(d),/]|| <e, We A), V/eF 

Therefore, there is a unital homomorphism p: 13 — > A' n by Lemm l3~2l and 
A is ©-absorbing by Theorem 13. 11 I 

We will give another proof of Corollary [331 

Corollary 5.5. (Corollary I3.4[) Let A be a separable unital, ©-absorbing C*- 
algebra and a be an action of a finite group G on A. Suppose that a has the 
Rokhlin property. Then the crossed product algebra A x Q G is ©-absorbing. 

Proof. For any e > and a finite set F C Ax a G there are n £ N, a projection / £ 
A, and a unital homomorphism ip : M n ® fAf — > Ax a G such that dist(a, <p{M n <g) 
/A/)) < e for all a G F by [31 Theorem 3.2]. 

Since fAf is ©-absorbing by [H Corollary 3.1], M n ® fAf is also ©-absorbing. 
We also know that <p(M n <g> /A/) is ©-absorbing by [13J Corollary 3.3]. Hence 
A xi Q G is local C-algebra in the same class C in Theorem 15.41 Therefore, A x a G 
is ©-absorbing. I 

Remark 5.6. From the previous sequence works by Kodaka and the authos [28] . 
and the first author and Phillips [32] we can conclude the followings. 
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Let P C A be an inclusion of separable unital C*-algebras and E: A — > P be of 
index finite type with the Rokhlin property. Suppose that A belongs to a class C 
characterized by some algebraic structural property. Then P belongs to the class 
C. The classes we consider include: 

(f) C*-algebras with various kind of direct limit decompositiions involving 
scmiprojective building blocks. (For examples, AF algebras, AI algebras, 
AT algebras etc.) 

(2) Simple unital AH algebras with slow dimension growth and real rank zero. 

(3) C*-algebras with real rank zero. 

(4) C*-algebras with stable rank one. 

(5) Simple C*-algebras for which the order on projections is determined by 
traces. 

(6) C*-algebras with isometrically extremal richness. 

(7) C*-algebras with approximately divisivity. 

(8) C*-algebras with ^-absorbing for a separable unital strongly self-absorbing 
C*-algebra V. 

6. Intermediate fixed point algebras 

In this section we present an inclusion of unital C*-algebras P C A which does 
not come from an action of finite group on A. 

Let A be a unital C*-algebra and a an action of a finite group on A. Suppose 
that a has the Rokhlin property. Then a is outer, that is, for any g 6 G\{1} 
a g is outer. Hence a is saturated, that is, the set {xy* : x,y € A} spans a dense 
subalgebra in A x Q G, where x — J2g£G a g( x )^g f° r x ^ A. Then the canonical 
conditional expectation E —> A G is of index finite type with index \G\ by [2TJ1 
Theorem 4.1] and has the Rokhlin property by [28j Proposition 2.9]. In particular, 
by [20l Theorem 4.1] we have a quasi-basis for {(ui,u*)} for E such that 

(1) for any x G A 

n 

x = E(xui)u*. 

i=l 

(2) 

IndexE 1 = mu\ = \G\ 

i 

(3) 

^Uia g {uX) =0, g^l 

i 

Moreover, for any subgroup H of G the correspondent conditional expectation 
F = E\ H : A H — > A G is of index finite and has the Rokhlin property. 

Indeed, consider a set {E H {ui), E H (u*)} for A H x A H , where E H : A ->■ A H is 
the canonical conditional expectation by 

Eh{x) = t^t ah ^- 

' ' heH 
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Then {En(ui), Eh(u*)} becomes a quasi-basis for F as follows: for any x G 
Y,F(xE H ( Ul ))E H {u*) = Y,E{xE H (u l ))E H (u*) 

i i 

= Y,E H (E(xE H (u l ))u*) 

i 

= ^2 e h(t^t a g (xE H (ui))u*) 
|G| oTg 

= TnTm EH( Y2(Y a g( x ) a 9(Yl a h{ui))u*) 

II 1 1 i geG heH 

III ' heH geG i 
111 1 heH i 

= t^Eh(J2^)) 
1 1 heH 

= E H (E H (x))=x 



We also have 



IndexF = Y,E H (ui)E H (u*) 

i 

= Yw\Y a h{ui){^ a k«)) 

i 1 1 hen 1 1 ken 

= 1^2 Y Y Y a h{ui)a k {u*) 

1 1 i heHkeH 

TmEE a h {Yura h -i k {u*)) ((3)) 



1 1 heHkeH 



T7772 Y a h(Y UiU *^ 
1 1 hen i 

\ H \x\G\ = ^ 



To prove the Rokhlin property we set e# = J2heH eh - Since A' C (A H )', 
e H e (A")' n (A H )°°. We have then 

|G| g ea hen 

= w\YY 

1 1 heH g eG 
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Therefore en is the Rokhlin projection for F. 

Proposition 6.1. In the same condition in the above we could conclude that 
Eh ■ A — > A H has the Rokhlin property for any subgruoup H of G. 

Proof. Let G = \J l i=l Hgi be a decomposition of right cosets in G and / = 53i=i e gi 
A' n A °° be a projection. Then / is the Rokhlin projection for Eh- Indeed 

l 

-9i 



i=l 

1 1 »=1 heH 

1 ( 

= iTTT 51 X! 



If/I 



1 1 gee 
1 

Since index of Eh = p^, we conclude that Eh has the Rokhlin property. I 

From the above observation we have the following characterization. 

Proposition 6.2. Let A be a separable unital C*-algebra, a an action of a finite 
group G on A and E : A — > A G a canonical conditional expectation. Suppose that 
a has the Rokhlin property. Then we have 

(1) For any subgroup H of G the restricted E to A H , which is a conditional 
expectation from A H onto A G , has the Rokhlin property. 

(2) Let V be a separable unital strongly self-absorbing C*-algebra and A be 
P-absorbing. Then for any subgroup H of G A H is P-absorbing. 

(3) If A = 2 , then for any subgroup H of G A H = C 2 . 

Proof. We use the same notations in the above argument. 

(1) follows from the above argument. 

(2) : From Proposition 16.11 a conditional expectation Eh'- A — > A H is of index 
finite with the Rokhlin proeprty. 

Since A is 2?-absorbing, so is A H by Theorem 13.31 

(3) : Since E H : A ^> A H has the Rokhlin property by Proposition EHJ A H = 2 
by Corollary g3 I 



Remark 6.3. Let A be a unital C*-algebra and a be an action from a finite 
group G on A. Let H be a subgroup of G. Then the condition that an inclusion 
A G C A H is isomorphic to B K C i? for some C*-algebra B and an action from a 
finite group K on B implies that H is a normal subgroup of G (c.f. [41]). Hence 
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from Proposition [672] we have examples of conditional expectations for inclusions of 
unital C*-algebras with the Rokhlin property which do not come from finite group 
actions. 
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